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Abstract
Let N be a compact, connected, nonorientable surface of genus g with n bound-
ary components. Let C(N) be the curve complex of N . We prove that if (g, n) =
(3, 0) or g + n ≥ 5, then there is an exhaustion of C(N) by a sequence of finite
rigid sets. This improves the author’s result on exhaustion of C(N) by a sequence
of finite superrigid sets.
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1 Introduction
Let N be a compact, connected, nonorientable surface of genus g with n boundary com-
ponents. Let ModN denote the mapping class group, the group of isotopy classes of all
self-homeomorphisms, of N . Let C(N) denote the complex of curves of N . This is an
abstract simplicial complex. Its vertex set is the set of isotopy classes of nontrivial simple
closed curves on N where nontivial means it does not bound a disk, it does not bound a
Mo¨bius band and it is not isotopic to a boundary component of N . A set of n vertices
forms an n − 1 dimensional simplex if its elements can be represented by pairwise dis-
joint simple closed curves on the surface. There is a natural action of ModN on C(N) by
automorphisms. If [h] ∈ ModN , then [h] induces an automorphism [h]∗ : C(N) → C(N)
where [h]∗([a]) = [h(a)] for every vertex [a] of C(N). Let B be a subcomplex of C(N).
A simplicial map λ : B → C(N) is called locally injective if it is injective on the star of
every vertex in B. We will say that B is rigid if every locally injective simplicial map
λ : B → C(N) is induced by a homeomorphism, i.e. if λ : B → C(N) is a locally injective
map then there exists a homeomorphism h : N → N such that [h]∗(α) = λ(α) for every
vertex α in B.
Aramayona-Leininger proved that there is an exhaustion of the complex of curves by
a sequence of finite rigid sets on compact, connected, orientable surfaces in [2]. We will
prove that result for nonorientable surfaces in this paper. We will use the same notation
for any set and the subcomplex of C(N) that is spanned by that set. The main result is
the following:
Theorem 1.1 If (g, n) = (3, 0) or g + n ≥ 5, then there exists a sequence E1 ⊂ E2 ⊂
· · · ⊂ En ⊂ . . . such that
(i) Ei is a finite rigid set in C(N) for all i ∈ N,
(ii) when g + n ≥ 5, Ei has trivial pointwise stabilizer in ModN for each i ∈ N, and
(iii)
⋃
i∈N Ei = C(N).
Ivanov proved that automorphisms of complex of curves are induced by homeomor-
phisms on compact, connected, orientable surfaces when genus is at least two, and using
this result he classified injective homomorphisms between finite index subgroups of map-
ping class groups in [9]. After that many results were proven about simplicial maps
of complex of curves on orientable and nonorientable surfaces. Superinjective simplicial
maps of complex of curves were first studied by the author in [4] to classify injective ho-
momorphisms from finite index subgroups of mapping class groups to the whole group for
orientable surfaces. We remind that a simplicial map is called superinjective if it preserves
geometric intersection zero and nonzero properties of vertices. The author also proved
that superinjective simplicial maps of the complexes of curves on nonorientable surfaces
are induced by homeomorphisms in [5]. Superinjective simplicial maps of two-sided curve
complexes were classfied by Irmak-Paris on nonorientable surfaces in [7]. Using this result
Irmak-Paris gave a classification of injective homomorphisms from finite index subgroups
to the whole mapping class group on these surfaces in [8]. Shackleton proved that lo-
cally injective simplicial maps of the curve complex are induced by homeomorphisms in
[12] for orientable surfaces. Aramayona-Leininger proved that there exists a finite rigid
subcomplex in the curve complex of a compact, connected, orientable surface R in [1],
and using this result they proved that there is an exhaustion of the curve complex by a
sequence of finite rigid sets on such orientable surfaces in [2], i.e. there exists a sequence
X1 ⊂ X2 ⊂ · · · ⊂ Xn ⊂ . . . such that Xi is a finite rigid set in C(R) for each i, and⋃
i∈NXi = C(R). For nonorientable surfaces, Ilbira-Korkmaz proved the existence of finite
rigid subcomplexes in C(N) when g+n 6= 4 in [3]. The author proved that if (g, n) 6= (1, 2)
and g+ n 6= 4, then there is an exhaustion of C(N) by a sequence of finite superrigid sets
in [6] (a subcomplex X of C(N) is called superrigid if every superinjective simplicial map
λ : X → C(N) is induced by a homeomorphism.)
In this paper the author improves her result given in [6] and proves that there is an
exhaustion of C(N) by a sequence of finite rigid sets except for a few cases.
Remark: Proving the exhaustion of C(N) by finite rigid sets is a harder problem
than proving the exhaustion of C(N) by supperrigid sets since controlling the images of
finite sets under locally injective simplicial maps is harder than controlling the images of
finite sets under superinjective simplicial maps. In this paper we had to come up with
different curve configurations and hence a different sequence compared to the work given
by the author in [6]. Differences also show up for small genus cases (which effects the
construction of the sequence for higher genus cases) that we discuss in section one. For
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Figure 1: (i) (g, n) = (1, 2); (ii) (g, n) = (2, 0)
example, we show that for (g, n) = (2, 1) there is no exhaustion of C(N) by finite rigid
sets, even though there is an exhaustion of C(N) by finite superrigid sets which was proved
in [6].
2 Exhaustion of C(N) by finite rigid sets for some
small genus cases
We will show that the statement that there exists an exhaustion of the complex of curves
by a sequence of finite rigid sets is true for (g, n) = (1, 0), (g, n) = (1, 1) and (g, n) = (3, 0),
and not true for (g, n) = (1, 2), (g, n) = (2, 0) and (g, n) = (2, 1).
Let a be a simple closed curve on N . The curve a is called 1-sided if a regular neigh-
borhood of a is homeomorphic to a Mo¨bius band, and it is called 2-sided if a regular
neighborhood of a is homeomorphic to an annulus. We recall that if v is a vertex, then
its star, St(v), is the subcomplex of C(N) whose simplices are the simplices of C(N) that
contain v and the faces of such simplices.
If (g, n) = (1, 0), then N is the projective plane. If (g, n) = (1, 1), then N is Mobius
band. If (g, n) = (1, 0) or (g, n) = (1, 1), then there is only one vertex in the curve
complex. It is represented by a 1-sided curve and we see that C(N) is a rigid set. If
(g, n) = (1, 2), then the vertex set is {[a], [b]} (see [13]) where the 1-sided curves a and b
are as shown in Figure 1 (i). A simplicial map sending both [a] and [b] to [a] is locally
injective but not induced by a homeomorphism.
If (g, n) = (2, 0), then the vertex set for the complex of curves is {[a], [b], [c]} where the
curves a, b and c are as shown in Figure 1 (ii) (see [13]). A simplicial map sending both
[a] and [b] to [b], and [c] to [c] is locally injective but not induced by a homeomorphism.
When (g, n) = (2, 1) the complex of curves is given by Scharlemann (see [13]). The
vertex set is {[a], [b], tma ([b]) : m ∈ Z} where the 2-sided curve a and 1-sided curve b
are as shown in Figure 2 (i) (the figure is drawn with a puncture instead of a boundary
component) and tx is the dehn twist about x. The complex is given in Figure 2 (ii). If
F is a finite set of vertices containing [a], we can see that the simplicial map fixing [x]
for every [x] ∈ F \ {[a]} and sending [a] to tma ([b]) for some m ∈ Z such that t
m
a ([b])
is in the complement of F is locally injective and injective but it is not induced by a
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Figure 2: (g, n) = (2, 1)
homeomorphism. So, there exists no finite rigid set containing [a].
If f : N → N is a homeomorphism, then we will use the same notation for f and
[f ]∗. Now we will prove Theorem 1.1 for (g, n) = (3, 0). In this section from now on we
assume that (g, n) = (3, 0). Let B = {a1, a2, a3, c1, c2, d, e, f, j, l, u, v, w} where the curves
are as shown in Figure 3. We use cross signs in the figures to mean that we remove the
interiors of the disks which have cross signs inside and identify the antipodal points on
the resulting boundary components. Note that the curve l is 1-sided and l has orientable
complement on N . The set B has nontrivial curves of every topological type on N .
Lemma 2.1 B = {a1, a2, a3, c1, c2, d, e, f, j, l, u, v, w} is a rigid set.
Proof. Let λ : B → C(N) be a locally injective simplicial map. Since a1, a2, a3 are
pairwise disjoint, λ is locally injective and (g, n) = (3, 0), we can see easily that λ([a1]),
λ([a2]) and λ([a3]) have pairwise disjoint representatives which are 1-sided curves on
N . So, there exists a homeomorphism h of N such that h([x]) = λ([x]) for each x ∈
{a1, a2, a3}. Since d is the unique nontrivial simple closed curve up to isotopy disjoint from
and nonisotopic to each of a2, a3, and also nonisotopic to a1 we see that h([d]) = λ([d]).
Similarly, we can see that h([e]) = λ([e]) and h([f ]) = λ([f ]). Since v is the unique
nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of e, a3,
and also nonisotopic to a1 we have h([v]) = λ([v]). Similarly, h([u]) = λ([u]).
To see that h([l]) = λ([l]) we will consider the description of this curve complex given
by Scharlemann in [13]: the complex is as given in the first part of Figure 4 except that
there is also a cone point, the vertex [l], which is connected only to every vertex on the
boundary of the disk. The vertices in the interior of the disk correspond to 1-sided curves
which have nonorientable complements on N . The vertices on the boundary of the disk
correspond to 2-sided curves. The cone point is [l] and l is the unique 1-sided curve up
to isotopy which has orientable complement on N (see [13]). We will consider the path of
lenght four, [e]→ [j]→ [l]→ [w]→ [a2], between the vertices [e] and [a2].
Let a′1, a
′
2, a
′
3, d
′, e′, f ′, u′, v′, w′, j′, l′ be minimally intersecting representatives of λ([a1]),
λ([a2]), . . . , λ([l]) respectively. By the above arguments we see that a
′
1, a
′
2, a
′
3, d
′, e′, f ′, u′,
v′ are as shown in Figure 4 (iii). Since λ is locally injective, λ([w]) is not equal to any of
λ([f ]), λ([d]), λ([a1]), λ([a3]). Since there is an edge between w and a2, there will be an
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Figure 3: Curves in B
edge between w′ and a′2 as shown in Figure 4 (iii). Similarly, λ([j]) is not equal to any
of λ([u]), λ([v]), λ([a1]), λ([a3]). Since there is an edge between e and j, there will be an
edge between e′ and j′ as shown in Figure 4 (iii).
Since λ is locally injective it sends edges to edges. Since there is an edge between w
and l, there will be an edge between w′ and l′. Since there is an edge between j and l,
there will be an edge between j′ and l′. Hence, we can see that λ([e])→ λ([j])→ λ([l])→
λ([w])→ λ([a2]) is a path of lenght four and j
′, l′, w′ are as shown in Figure 4 (iii). This
is possible only when l′ is isotopic to l. Hence, λ([l]) = [l]. Since l is the unique 1-sided
curve up to isotopy which has orientable complement on N , we also have h([l]) = [l]. So,
h([l]) = λ([l]).
Since c1 is the unique nontrivial simple closed curve up to isotopy disjoint from and
nonisotopic to each of a3 and l we have h([c1]) = λ([c1]). Since c2 is the unique nontrivial
simple closed curve up to isotopy disjoint from and nonisotopic to each of a1 and l we
have h([c2]) = λ([c2]). Since w is the unique nontrivial simple closed curve up to isotopy
disjoint from and nonisotopic to each of a2 and l we have h([w]) = λ([w]). Since j is the
unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each
of e and l we have h([j]) = λ([j]). We proved that h([x]) = λ([x]) for every x ∈ B. Hence,
B is a rigid set.
G = {tc1 , tc2, y} is a generating set for the mapping class group, ModN , where y is the
cross-cap slide of a3 along c2, and tx is the Dehn twist about x, see Figure 5, see also
Theorem 3.15 given by the author in [6] and Theorem 4.14 given by Korkmaz in [11].
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Figure 4: Curve complex when (g, n) = (3, 0)
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Figure 5: (g, n) = (3, 0)
Lemma 2.2 ∀ f ∈ G = {tc1 , tc2, y}, ∃ a set Lf ⊂ B such that the pointwise stabilizer of
Lf is the center of ModN and f(Lf ) ⊂ B.
Proof. The proof follows as in the proof of Lemma 4.2 in [6]. Consider the curves in
Figure 3. Let V1 = {c1, c2, w} and V2 = {c1, c2, j}. The pointwise stabilizer of each of V1
and V2 is the center of ModN . The center of ModN is isomorphic to Z2 (Theorem 6.1 in
[14]). Let f ∈ G. For f = c1, let Lf = V1. We have tc1(c1) = c1, tc1(c2) = j, tc1(w) = c2
and f(Lf ) ⊂ B. For f = c2, let Lf = V2. We have tc2(c1) = w, tc2(c2) = c2, tc2(j) = c1
and f(Lf ) ⊂ B. For f = y, let Lf = V1. We have y(c1) = c1, y(c2) = c2, y(w) = j and
f(Lf) ⊂ B.
The proof of the following theorem is similar to the proof of Theorem 3.14 given by
the author in [6].
Theorem 2.3 If (g, n) = (3, 0), then there exists a sequence E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ . . .
such that
(i) Ei is a finite rigid set in C(N) for all i ∈ N, and
6
(ii)
⋃
i∈N Ei = C(N).
Proof. The proof will follow similar to the proof given by the author in section 4 in [6].
We note that the difference is that to control the image of rigid sets under locally injective
simplicial maps, we used a bigger set (with more curves u, v) than the set considered in
Lemma 4.1 in [6]. So, even though there are similarities, the sequence we will construct
here whose elements are rigid sets will be different from the sequence we constructed
whose elements were superrigid sets in [6].
We can see that if x is a vertex in C(N) then there exists r ∈ModN and a vertex y in
B such that r(y) = x. Let E1 = B and Ek = Ek−1∪ (
⋃
f∈G(f(Ek−1)∪f
−1(Ek−1))) for k ≥ 2.
We see that
⋃
∞
k=1 Ek = C(N). We will prove that Ek is a rigid set for every k by induction
on k. By Lemma 2.1, E1 is a rigid set. Assume that Ek−1 is rigid for some k ≥ 2. We want
to see that Ek is rigid. Let λ : Ek → C(N) be a locally injective simplicial map. It is easy
to see that λ restricts to a locally injective simplicial map on Ek−1. Since Ek−1 is rigid,
there exists a homeomorphism h : N → N such that h([x]) = λ([x]) for all x ∈ Ek−1. We
will show that h([x]) = λ([x]) for each x ∈ Ek = Ek−1 ∪ (
⋃
f∈G(f(Ek−1) ∪ f
−1(Ek−1))). Let
f ∈ G. Since Ek−1 is a rigid set, f(Ek−1) is also a rigid set. Since the map λ restricts to a
locally injective simplicial map on f(Ek−1), there exists a homeomorphism hf of N such
that hf ([x]) = λ([x]) for all x ∈ f(Ek−1). By Lemma 2.2, there exists Lf ⊂ B such that
f(Lf) ⊂ B and the pointwise stabilizer of Lf is the center of ModN . Since Lf ⊂ B ⊂ Ek−1
and f(Lf) ⊂ B ⊂ Ek−1, we have f(Lf) ⊂ Ek−1 ∩ f(Ek−1). Hence, hf = h or hf = h ◦ i
where i is the generator for the center ofModN (the center is isomorphic to Z2). Similarly,
the map λ restricts to a locally injective simplicial map on f−1(Ek−1). Since Ek−1 is a rigid
set, f−1(Ek−1) is also a rigid set. So, there exists a homeomorphism h
′
f of N such that
h′f ([x]) = λ([x]) for all x ∈ f
−1(Ek−1). Since Lf ⊂ B ⊂ Ek−1 and f(Lf ) ⊂ B ⊂ Ek−1, we
have Lf ⊂ Ek−1 ∩ f
−1(Ek−1). So, h
′
f = h or h
′
f = h ◦ i. Since i([x]) = [x] for every vertex
[x] ∈ C(N) we get h([x]) = λ([x]) for each x ∈ f(Ek−1) ∪ f
−1(Ek−1). Since this is true for
each f ∈ G, we have h([x]) = λ([x]) for each x ∈ Ek. So, Ek is a rigid set. By induction
Ek is a finite rigid set for all k ≥ 1.
3 Exhaustion of C(N) by finite rigid sets when g+n ≥ 5
Ilbira-Korkmaz constructed finite rigid subcomplexes in C(N) in [3]. Their construc-
tion starts with a disk D in the plane whose boundary is a (2g + 2n)-gon with labeled
edges s1, e1, s2, e2, s3, e3, . . . , sg, eg, z1, eg+1, z2, eg+2, . . . , eg+n−1, zn, eg+n, see Figure 6 (i).
By glueing two copies of this disk D along ei for each i one gets a sphere S with g + n
holes. A nonorientable surface N of genus g with n boundary components is obtained by
identifying the antipodal points on each boundary component of S that are formed by si
for each i. Let ai be the 1-sided curve on N that corresponds to the arc si on D. Let
ai,j be the 1-sided curve on N that corresponds to a line segment joining the midpoint of
si and a point of ej on D. Let bi,j be the 2-sided curve on N that corresponds to a line
segment joining a point of ei to a point of ej on D. Let X = {ai, ai,j : 1 ≤ i ≤ g, 1 ≤ j ≤
g + n, j 6= i, j 6= i− 1 (mod (g + n))} ∪ {bi,j : 1 ≤ i, j ≤ g + n, 2 ≤ |i− j| ≤ g + n− 2}.
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Figure 6: Nonorientable surface obtained by gluing two (2g + 2n)-gons
Theorem 3.1 (Ilbira-Korkmaz) Let N be a compact, connected, nonorientable surface of
genus g with n boundary components. If g + n 6= 4, then X is a finite rigid set in C(N).
From now on we will always assume that g + n ≥ 5. Let B1 = X . Let wi, ri for i =
1, 2, . . . , g+ n be as shown in Figure 7 (i) and (ii). Let B2 = {w1, w2, . . . , wg+n, r1, r2, . . . ,
rg+n} on N .
Lemma 3.2 If λ : B1 ∪ {w1, w2, . . . , wg+n} → C(N) is a locally injective simplicial map,
then
i(λ([w1]), λ([b1,g+n−1])) 6= 0, i(λ([w1]), λ([b2,g+n])) 6= 0,
i(λ([w2]), λ([b1,3])) 6= 0, i(λ([w2]), λ([b2,g+n])) 6= 0,
i(λ([w3]), λ([b1,3])) 6= 0, i(λ([w3]), λ([b2,4])) 6= 0, . . . ,
i(λ([wg+n]), λ([b1,g+n−1])) 6= 0, i(λ([wg+n]), λ([bg+n−2,g+n])) 6= 0.
Proof. We will give the proof when g = 4 and n ≥ 1. The proof for the other
cases is similar. By Theorem 3.1, there exists a homeomorphism h : N → N such
that h([x]) = λ([x]) for every x in B1. Consider the curves given in Figure 7 (iii) and
(iv). Let P = {a1, a2, a3, a4, b1,3, b3,g+n, b4,g+n, b5,g+n, . . . , bg+n−2,g+n}. The set P is a top
dimensional pants decomposition on N . We see that i([w2], [x]) = 0 for all x ∈ P \ {b1,3}.
Since λ is a locally injective simplicial map and it preserves geometric intersection zero,
we have i(λ([w2]), λ([x])) = 0 for all x ∈ P \{b1,3}. This gives i(λ([w2]), λ([b1,3])) 6= 0. Let
Q = {a1, a2, a3, a4, b2,8, b3,g+n, b4,g+n, b5,g+n, . . . , bg+n−2,g+n}. The setQ is a top dimensional
pants decomposition on N . We see that i([w2], [x]) = 0 for all x ∈ Q \ {b2,g+n}. We have
i(λ([w2]), λ([x])) = 0 for all x ∈ Q \ {b2,g+n}. This gives i(λ([w2]), λ([b2,g+n])) 6= 0. With
similar arguments we get all the intersection information listed in the statement.
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Figure 7: Curves in B2 and controlling intersections
Lemma 3.3 If λ : B1 ∪ {r1, r2, . . . , rg+n} → C(N) is a locally injective simplicial map,
then
i(λ([r1]), λ([b1,g+n−1])) 6= 0, i(λ([r1]), λ([b2,g+n])) 6= 0,
i(λ([r2]), λ([b1,3])) 6= 0, i(λ([r2]), λ([b2,g+n])) 6= 0,
i(λ([r3]), λ([b1,3])) 6= 0, i(λ([r3]), λ([b2,4])) 6= 0, . . . ,
i(λ([rg+n]), λ([b1,g+n−1])) 6= 0, i(λ([rg+n]), λ([bg+n−2,g+n])) 6= 0.
Proof. The proof is similar to the proof of Lemma 3.2.
In the proof of the following lemma we will be using pentagons in C(N). We remind
that five vertices v1, v2, . . . , v5 in C(N) form a pentagon if there are edges between vi and
vi+1 for i = 1, 2, 3, 4 and there is an edge between v5 and v1 and there are no other edges
between these five vertives in C(N).
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Figure 8: Controlling geometric intersection two
Lemma 3.4 If λ : B1 ∪ {w1, w2, . . . , wg+n, r1, r2, . . . , rg+n} → C(N) is a locally injective
simplicial map, then we have the following geometric intersections
i(λ([w1]), λ([b1,g+n−1])) = 2, i(λ([w1]), λ([b2,g+n])) = 2,
i(λ([w2]), λ([b1,3])) = 2, i(λ([w2]), λ([b2,g+n])) = 2,
i(λ([w3]), λ([b1,3])) = 2, i(λ([w3]), λ([b2,4])) = 2, . . . ,
i(λ([wg+n]), λ([b1,g+n−1])) = 2, i(λ([wg+n]), λ([bg+n−2,g+n])) = 2.
Proof. We will give the proof for g = 4, n ≥ 1. The other cases are similar. The
map λ restricts to locally injective simplicial maps on B1 and B1 ∪ {w1, w2, . . . , wg+n}.
By Theorem 3.1, there exists a homeomorphism h of N such that h([x]) = λ([x]) for
every x in B1. To see that i(λ([w1]), λ([b1,3])) = 2 consider the curves in Figure 8 (i)
and (ii). Let S be the five holed sphere bounded by a1, a2, a3, a4, b4,g+n. There is a
pentagon formed by b3,g+n, b1,3, b1,4, r3, w2 in C(S). If x, y ∈ {b3,g+n, b1,3, b1,4, r3, w2} and
i([x], [y]) = 0 then we can see that i(λ([x]), λ([y])) = 0 since λ is locally injective. Let
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Figure 9: Curves in B2
x, y ∈ {b3,g+n, b1,3, b1,4, r3, w2} such that x and y intersect. If both of x, y are in B1 then
we know that i(λ([x]), λ([y])) 6= 0 since there exists a homeomorphism h : N → N
such that h([x]) = λ([x]) for every x in B1. If both of x, y are not in B1 we can still
see that i(λ([x]), λ([y])) 6= 0 as follows: If Lemma 3.2 applies to the pair (for exam-
ple it applies when x = w2, y = b1,3) we use the lemma to see the result. If Lemma
3.2 doesn’t apply to the pair x, y we use a proof similar to the proof of that lemma to
see the result: We can complete x to a top dimensional pants decomposition on N us-
ing the curves in B1 ∪ {w1, w2, . . . , wg+n, r1, r2, . . . , rg+n} such that i([y], [z]) = 0 for all
z ∈ P \ {x}. Since λ is a locally injective simplicial map and it preserves geometric
intersection zero, we will have i(λ([y]), λ([z])) = 0 for all z ∈ P \ {x}. This implies that
i(λ([x]), λ([y])) 6= 0. This argument shows that minimally intersecting representatives
of λ([b3,g+n]), λ([b1,3]), λ([b1,4]), λ([r3]), λ([w2]) form a pentagon in the five holed sphere
bounded by a′1, a
′
2, a
′
3, a
′
4, b
′
4,g+n, where a
′
1, a
′
2, a
′
3, a
′
4, b
′
4,g+n are minimally intersecting rep-
resentatives of λ([a1]), λ([a2]), λ([a3]), λ([a4]), λ([b4,g+n]) respectively. This implies that
i(λ[w2]), λ([b1,3])) = 2 by Korkmaz’s Theorem 3.2 in [10]. The other intersections can be
obtained in a similar way.
Lemma 3.5 If λ : B1 ∪ {w1, w2, . . . , wg+n, r1, r2, . . . , rg+n} → C(N) is a locally injective
simplicial map, then we have the following geometric intersections
i(λ([r1]), λ([b1,g+n−1])) = 2, i(λ([r1]), λ([b2,g+n])) = 2,
i(λ([r2]), λ([b1,3])) = 2, i(λ([r2]), λ([b2,g+n])) = 2,
i(λ([r3]), λ([b1,3])) = 2, i(λ([r3]), λ([b2,4])) = 2, . . . ,
i(λ([rg+n]), λ([b1,g+n−1])) = 2, i(λ([rg+n]), λ([bg+n−2,g+n])) = 2.
Proof. The proof is similar to the proof of Lemma 3.4 (use Lemma 3.3).
Let B2 = {w1, w2, . . . , wg+n, r1, r2, . . . , rg+n}. In Figure 9 we show the curves ri, wi.
Lemma 3.6 B1 ∪ B2 is a finite rigid set with trivial pointwise stabilizer.
Proof. We can see the proof by using Lemma 3.4 and Lemma 3.5. The proof is similar
to the proof of Lemma 3.6 in [6].
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Figure 10: Curves in B3
From now on in the figures we will fill some disks with stripes to mean that the boundary
of each disk either bounds a Mo¨bius band or is isotopic to a boundary component of N .
In Figure 10 (i) we see a disk which is filled with stripes. This will mean that (i) If
2 ≤ i ≤ g − 1, then the boundary of the disk bounds a Mo¨bius band and has ai−1 as
the core; (ii) If i = 1 and N is closed, then the boundary of the disk bounds a Mo¨bius
band and has ag as the core; and (iii) If i = 1 and N is not closed, then the boundary of
the disk is isotopic to a boundary component of N . In Figure 10, Figure 11 and Figure
13 we assume that the indices i and j satisfy the equation |j − i| = 2 (mod (g + n)).
Let B3 = {u1, u2, . . . , ug−1, v1, v2, . . . , vg−1, x2, x3, . . . , xg} where the curves are as shown
in Figure 10.
Lemma 3.7
⋃
3
i=1 Bi is a finite rigid set.
Proof. We will give the proof when n ≥ 2. The proofs for n ≤ 1 cases are similar. Let
λ :
⋃
3
i=1 Bi → C(N) be a locally injective simplicial map. Since λ restricts to a locally
injective simplicial map on B1 ∪B2, by Lemma 3.6 there exists a homeomorphism h of N
such that h([x]) = λ([x]) for every x in B1 ∪ B2.
Claim 1: h([ui]) = λ([ui]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 1: We first want to show that h([u1]) = λ([u1]). Using the curves
in B1 ∪ B2, we can complete the curves r1, a1, a2 and b2,g+n−1 to a top dimensional pants
decomposition P such that u1 is disjoint from every element in P \{a1}. This implies that
λ([u1]) is disjoint from every element in λ([P ])\{λ([a1])} since λ is locally injective. Since
[u1] 6= [a1] and they are in the star of a vertex in B1 ∪ B2, we see that λ([u1]) 6= λ([a1]).
Since h([x]) = λ([x]) for every x in B1 ∪ B2, and λ([u1]) 6= λ([a1]) and λ([u1]) is disjoint
from every element in λ([P ]) \ {λ([a1])}, we see that h([u1]) = λ([u1]). Similarly we get
h([ui]) = λ([ui]) for each i.
Claim 2: h([vi]) = λ([vi]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 2: We will show that h([v1]) = λ([v1]). Cutting N along the curve
b1,g+n−2 gives a nonorientable surface, M1, of genus one with three boundary components,
which contains the curve a1,g+n−1. The curve v1 is the unique curve up to isotopy disjoint
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Figure 11: Curves in B4
from and nonisotopic to each of u1, a1,g+n−1 and b1,g+n−2 and all the curves of B1 ∪ B2
that are in N \M1. Since h and λ agree on the isotopy class of all these curves, we get
h([v1]) = λ([v1]). Cutting N along the curve b2,g+n−1 gives a nonorientable surface, M2,
of genus two with two boundary components, which contains the curve a2,g+n. The curve
v2 is the unique curve up to isotopy disjoint from and nonisotopic to each of u1, a2,g+n, a1
and b2,g+n−1 and all the curves of B1 ∪B2 that are in N \M2. Since h and λ agree on the
isotopy class of all these curves, we see that h([v2]) = λ([v2]). Cutting N along the curve
b3,g+n gives a nonorientable surface, M3, of genus three with one boundary component,
which contains the curve a3,1. The curve v3 is the unique curve up to isotopy disjoint
from and nonisotopic to each of u2, a3,1, a1, a2 and b3,g+n and all the curves of B1∪B2 that
are in N \M3. Since h and λ agree on the isotopy class of all these curves, we see that
h([v3]) = λ([v3]). Similarly, we have h([vi]) = λ([vi]) for each i.
Claim 3: h([xi]) = λ([xi]) for all i = 2, 3, . . . , g.
Proof of Claim 3: (i) Suppose g = 2. Cutting N along the curve b3,g+n gives a
nonorientable surface, M2, of genus two with two boundary components, containing a1
and a2. The curve x2 is the unique nontrivial simple closed curve up to isotopy disjoint
from and nonisotopic to each of a1, a2,3, a2,g+n, b3,g+n and all the curves of B1 ∪ B2 that
are in N \M2. Since h and λ agree on the isotopy class of all these curves, we see that
h([x2]) = λ([x2]).
(ii) Suppose g = 3. Cutting N along the curve b3,g+n gives a nonorientable surface,
M3, of genus three with one boundary component, containing a1, a2 and a3. The curve x2
is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic
to each of a1, a3, a2,3, a2,g+n, b3,g+n and all the curves of B1 ∪B2 that are in N \M3. Since
h and λ agree on the isotopy class of all these curves, we see that h([x2]) = λ([x2]). When
we cut N along the curve b4,1 we get a nonorientable surface, M2, of genus two with two
boundary components, containing a2 and a3. The curve x3 is the unique nontrivial simple
closed curve up to isotopy disjoint from and nonisotopic to each of a2, a3,4, a3,1, b4,1 and
all the curves of B1 ∪ B2 that are in N \M2. Since h and λ agree on the isotopy class of
all these curves, we see that h([x3]) = λ([x3]).
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Figure 12: Curves
Similarly, we have h([xn]) = λ([xn]) for all i = 2, 3, . . . , g for all g ≥ 4. Hence, we have
h([x]) = λ([x]) for every x in
⋃
3
i=1 Bi.
Let B4 = {c1, c2, c3, . . . , cg−1, d1,2, d2,3, . . . , dg−1,g, u1,o, u2,o, . . . , ug−1,o, v2,o, v3,o, . . . , vg,o}
where the curves are as shown in Figure 11 and Figure 12.
Lemma 3.8
⋃
4
i=1 Bi is a finite rigid set.
Proof. We will give the proof when n ≥ 2. The proofs n ≤ 1 are similar. Let λ :⋃
4
i=1 Bi → C(N) be a locally injective simplicial map. It is easy to see that λ restricts to a
locally injective simplicial map on
⋃
3
i=1 Bi. By Lemma 3.7, there exists a homeomorphism
h of N such that h([x]) = λ([x]) for every x in
⋃
3
i=1 Bi.
Claim 1: h([ui,o]) = λ([ui,o]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 1: When we cut N along the curve b2,g+n−2 we get a nonorientable sur-
face, M2, of genus two with three boundary components, containing a1 and a2. The curve
u1,o is the unique nontrivial simple closed curve up to isotopy disjoint from a2, r1, b2,g+n−2,
bg+n,g+n−2, all the curves of B1 ∪B2 that are in N \M2, and also nonisotopic to a1. Since
h and λ agree on the isotopy class of all these curves, we have h([u1,o]) = λ([u1,o]). When
we cut N along the curve b3,g+n−1 we get a nonorientable surface, M3, of genus three
with two boundary components, containing a1, a2 and a3. The curve u2,o is the unique
nontrivial simple closed curve up to isotopy disjoint from a1, a3, r2, b1,g+n−1, b3,g+n−1, all
the curves of B1 ∪B2 that are in N \M3, and also nonisotopic to a1. Since h and λ agree
on the isotopy class of all these curves, we have h([u2,o]) = λ([u2,o]). Similarly we get
h([ui,o]) = λ([ui,o]) for all i = 3, 4, . . . , g − 1.
Claim 2: h([vi,o]) = λ([vi,o]) for all i = 2, 3, . . . , g.
Proof of Claim 2: When we cut N along the curve b2,g+n−2 we get a nonorientable
surface, M2, of genus two with three boundary components, containing a1 and a2. The
curve v2,o is the unique curve up to isotopy disjoint from x2, a2,g+n−1, b2,g+n−2, a1, u2,o and
all the curves of B1 ∪ B2 that are in N \M2. Since h and λ agree on the isotopy class of
all these curves, we have h([v2,o]) = λ([v2,o]). Similarly, we have h([vi,o]) = λ([vi,o]) for all
i = 3, 4, . . . , g.
Claim 3: h([di,i+1]) = λ([di,i+1]) for all i = 1, 2, . . . , g − 1.
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Proof of Claim 3: When we cut N along the curve b2,g+n−2 we get a nonorientable
surface, M2, of genus two with three boundary components, which contains a1 and a2.
The curve d1,2 is the unique nontrivial simple closed curve up to isotopy disjoint from
and nonisotopic to each of v1, v2,o, b2,g+n−1, b2,g+n−2 and all the curves of B1 ∪ B2 that
are in N \ M2. Since h and λ agree on the isotopy class of all these curves, we have
h([d1,2]) = λ([d1,2]). When we cut N along the curve b3,g+n−1 we get a nonorientable
surface, M3, of genus three with two boundary components, which contains a1, a2 and a3.
The curve d2,3 is the unique nontrivial simple closed curve up to isotopy disjoint from
and nonisotopic to each of a1, v2, v3,o, b3,g+n, b3,g+n−1 and all the curves of B1 ∪ B2 that
are in N \ M3. Since h and λ agree on the isotopy class of all these curves, we have
h([d1,2]) = λ([d1,2]). Similarly, we have h([di,i+1]) = λ([di,i+1]) for all i = 3, 4, . . . , g − 1.
Claim 4: h([ci]) = λ([ci]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 4: When we cut N along the curve b2,g+n we get a nonorientable surface,
M2, of genus two with one boundary component, which contains a1 and a2. The curve c1
is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic
to each of b2,g+n, d1,2 and all the curves of B1 ∪ B2 that are in N \M2. Since h and λ
agree on the isotopy class of all these curves, we have h([c1]) = λ([c1]). When we cut N
along the curve b1,3 we get a nonorientable surface, K2, of genus two with one boundary
component, which contains a2 and a3. The curve c2 is the unique nontrivial simple closed
curve up to isotopy disjoint from and nonisotopic to each of b1,3, d2,3 and all the curves of
B1 ∪ B2 that are in N \K2. Since h and λ agree on the isotopy class of all these curves,
we have h([c2]) = λ([c2]). Similarly, h([ci]) = λ([ci]) for all i = 3, 4, . . . , g − 1.
We proved that h([x]) = λ([x]) for every x in
⋃
4
i=1 Bi. Hence,
⋃
4
i=1 Bi is a finite rigid
set.
Let B5 = {k1, k2, . . . , kg−1, p1, p2, . . . , pg−1, e1,2, e2,3, . . . , eg−1,g, l2, l3, . . . , lg, r1,2, r2,3, . . . ,
rg−1,g, y2, y3, . . . , yg, s1,2, s2,3, . . . , sg−1,g} where the curves are as shown in Figure 13.
Lemma 3.9
⋃
5
i=1 Bi is a finite rigid set.
Proof. We will give the proof when n ≥ 2. The proofs for the other cases when n ≤ 1
are similar. Let λ :
⋃
5
i=1 Bi → C(N) be a locally injective simplicial map. The map
λ restricts to a locally injective simplicial map on
⋃
4
i=1. By Lemma 3.8, there exists a
homeomorphism h : N → N such that h([x]) = λ([x]) for every x in
⋃
4
i=1 Bi.
Claim 1: h([ki]) = λ([ki]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 1: To see h([k1]) = λ([k1]), we cut N along the curve b2,g+n−1. This gives
us a nonorientable surface, M1, of genus two with two boundary components, containing
a1 and a2. The curve k1 is the unique nontrivial simple closed curve up to isotopy disjoint
from and nonisotopic to each of a2, b2,g+n−1, w1, all the curves of B1∪B2 that are in N \M1,
and also nonisotopic to a1. Since h and λ agree on the isotopy class of all these curves,
we have h([k1]) = λ([k1]). To see h([k2]) = λ([k2]), we cut N along the curve b3,g+n.
This gives us a nonorientable surface, M2, of genus three with one boundary component,
containing a1, a2 and a3. The curve k2 is the unique nontrivial simple closed curve up to
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Figure 13: Curves in B5
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isotopy disjoint from and nonisotopic to each of a1, a3, b3,g+n, w2, all the curves of B1 ∪B2
that are in N \M2 and also nonisotopic to a2. Since h and λ agree on the isotopy class of
all these curves, we have h([k2]) = λ([k2]). Similarly, we have h([ki]) = λ([ki]) for each i.
Claim 2: h([pi]) = λ([pi]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 2: To see h([p1]) = λ([p1]), we cut N along the curve b2,g+n−2. This gives
us a nonorientable surface, M3, of genus two with three boundary components, containing
a1 and a2. The curve p1 is the unique nontrivial simple closed curve up to isotopy disjoint
from and nonisotopic to each of k1, a1,g+n−1 and b1,g+n−2 and all the curves of B1 ∪ B2
that are in N \M3. Since h and λ agree on the isotopy class of all these curves, we have
h([p1]) = λ([p1]). To see h([p2]) = λ([p2]), we cut N along the curve b2,g+n−1. This gives
us a nonorientable surface, K2, of genus two with two boundary components, containing
a2,g+n. The curve p2 is the unique nontrivial simple closed curve up to isotopy disjoint
from and nonisotopic to each of k2, a2,g+n, a1, b2,g+n−1 and all the curves of B1 ∪ B2 that
are in N \ K2. Since h and λ agree on the isotopy class of all these curves, we have
h([p2]) = λ([p2]). To see h([p3]) = λ([p3]), we cut N along the curve b3,g+n. This gives
us a nonorientable surface, M4, of genus three with one boundary component, containing
a3,1. The curve p3 is the unique curve up to isotopy disjoint from and nonisotopic to each
of k3, a3,1, a1, a2 and b3,g+n and all the curves of B1 ∪ B2 that are in N \M4. Since h and
λ agree on the isotopy class of all these curves, we have h([p3]) = λ([p3]). Similarly, we
have h([pi]) = λ([pi]) for each i.
Claim 3: h([ei,i+1]) = λ([ei,i+1]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 3: To see h([e1,2]) = λ(e1,2), we cut N along the curve b2,g+n−1. This
gives us a nonorientable surface, M5, of genus two with two boundary components con-
taining c1. The curve e1,2 is the unique nontrivial simple closed curve up to isotopy
disjoint from and nonisotopic to each of c1, b2,g+n−1 and p1 and all the curves of B1 ∪ B2
that are in N \M5. Since h and λ agree on the isotopy class of all these curves, we have
h([e1,2]) = λ([e1,2]). To see h([e2,3]) = λ([e2,3]), we cut N along the curve b3,g+n. This
gives us a nonorientable surface, M6, of genus three with one boundary component, which
contains c2. The curve e2,3 is the unique nontrivial curve up to isotopy disjoint from and
nonisotopic to each of a1, c2, b3,g+n and p2 and all the curves of B1∪B2 that are in N \M6.
Since h and λ agree on the isotopy class of all these curves, we have h([e2,3]) = λ([e2,3]).
Similarly, we have h([ei,i+1]) = λ([ei,i+1]) for each i.
Claim 4: h([li]) = λ([li]), h([yi]) = λ([yi]) for all i = 2, 3, . . . , g, and h([ri,i+1]) =
λ([ri,i+1]), h([si,i+1]) = λ([si,i+1]) for all i = 1, 2, . . . , g − 1.
Proof of Claim 4: The proofs are very similar the proofs of Claim 2 and Claim 3.
We proved that h([x]) = λ([x]) for every x in
⋃
5
i=1 Bi. Hence,
⋃
5
i=1 Bi is a finite rigid
set.
Remark: From now on, to prove our main theorem we will follow the proofs given
by the author in [6]. We note that our set
⋃
5
i=1 Bi has more curves (see for example
xi, ui,o, vi+1,o) than the curves considered in Lemma 3.8 in [6]. So, even though there
are similarities, the sequence we will construct whose elements are rigid sets in the proof
of Theorem 1.1 will be different from the sequence we constructed whose elements were
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superrigid sets in [6].
Lemma 3.10
⋃
5
i=1 Bi can be completed to a rigid set B such that B has nontrivial curves
of every topological type on N .
Proof. By Lemma 3.9, we know
⋃
5
i=1 Bi is a finite rigid set. We can complete
⋃
5
i=1 Bi to
a rigid set B such that B has nontrivial curves of every topological type on N by following
the proofs of Lemma 3.9 and Lemma 3.10 given by the author in [6]. The proofs there are
given for superinjective simplicial maps but the same arguments work for locally injective
simplicial maps. The main idea there is to see that if a curve y is uniquely defined by
a set A of curves (meaning that y is the unique curve up to isotopy disjoint from and
nonisotopic to each curve in A), and we know that λ agrees with a homeomorphism h on
[x] for each x ∈ A, then λ and h agree on [y] as well. This argument works for locally in-
jective simplicial maps too. Since the construction is very similar we will not give it here.
Let B be as in the Lemma 3.10.
Lemma 3.11 There exists a generating set G for ModN such that ∀ f ∈ G, ∃ a set
Lf ⊂ B such that Lf has trivial pointwise stabilizer and f(Lf) ⊂ B.
Proof. To see the generating set G, see Theorem 3.11 and Theorem 3.15 given by the
author in [6] and Theorem 4.14 given by Korkmaz in [11]. Then the proof for this lemma
is similar to the proofs of Lemma 3.13 and Lemma 3.17 in [6].
Theorem 3.12 If g + n ≥ 5, then there exists a sequence E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ . . . such
that
(i) Ei is a finite rigid set in C(N) for all i ∈ N,
(ii) Ei has trivial pointwise stabilizer in ModN for each i ∈ N, and
(iii)
⋃
i∈N Ei = C(N).
Proof. By using Lemma 3.11, we can see that the proof follows as in the proofs of The-
orem 3.14 and Theorem 3.18 given by the author in [6]. The construction of the sequence
is done by induction and is similar to the one we gave in the proof of Theorem 2.3 in
section 2.
Acknowledgements
The author thanks Peter Scott for some discussions.
References
[1] J. Aramayona and C. J. Leininger: Finite rigid sets in curve complexes, J. Topol.
Anal. 5:2 (2013), 183203.
18
[2] J. Aramayona and C. Leininger: Exhausting Curve Complexes by finite rigid
sets, Pacific Journal of Mathematics Vol. 282, No. 2, (2016) 257-283.
[3] S. Ilbira and M. Korkmaz: Finite rigid sets in curve complexes of non-orientable
surfaces, arXiv:1810.07964
[4] E. Irmak: Superinjective simplicial maps of complexes of curves and injective
homomorphisms of subgroups of mapping class groups, Topology 43, 3 (2004)
513-541.
[5] E. Irmak: Superinjective simplicial maps of the complexes of curves on nonori-
entable surfaces, Turkish Journal of Mathematics, 36, 407-421 (2012).
[6] E. Irmak: Exhausting curve complexes by finite superrigid sets on nonorientable
surfaces, submitted (2019) arXiv:1903.04926.
[7] E. Irmak and L. Paris: Superinjective simplicial maps of the two-sided curve
complexes on nonorientable surfaces, to appear in Fundamenta Mathematicae,
arXiv:1707.09937 (2017).
[8] E. Irmak and L. Paris: Injective homomorphisms of mapping class groups on
nonorientable surfaces, to appear in Geometriae Dedicata, arXiv:1708.00218
(2017).
[9] N.V. Ivanov: Automorphisms of complexes of curves and of Teichmuller spaces,
International Mathematics Research Notices, 14, (1997) 651-666.
[10] M. Korkmaz: Automorphisms of complexes of curves on punctured spheres and
on punctured tori, Top. and App., 95 (2), (1999) 85-111.
[11] M. Korkmaz: Mapping class groups of nonorientable surfaces, Geometriae Ded-
icata, 89, 109-133 (2002).
[12] K. Shackleton: Combinatorial rigidity in curve complexes and mapping class
groups, Pacific J. Math. 230 (1), (2007) 217-232.
[13] M. Scharlemann: The complex of curves on nonorientable surfaces, J. London
Math. Soc. (2) 25, 171-184 (1982).
[14] M. Stukow: Dehn twists on nonorientable surfaces, Fund. Math. 189 (2006),
117-147.
University of Michigan, Department of Mathematics, Ann Arbor, 48109, MI, USA,
e-mail: eirmak@umich.edu
19
